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Abstract
This paper presents a proof of the existence of novel bound states of the two-photon
quantum Rabi model at the collapse point. The two-photon Rabi model is interesting
not only for its important role on non-linear light-matter interaction, but also for the
exhibition of many-energy-levels degenerating process called the ”spectral collapse”.
The squeezing property of the two-photon annihilation and creation operators is the
origin for this phenomenon which is well studied without the energy-slitting term ω0.
However, many numerical studies have pointed out that with the presence of ω0 , some
low-level isolated states exist while other high energy states collapse to E = −ω2 , which
known as incomplete spectral collapse. From the eigenvalue equation in real space, pair
of second order differential equations, which are similarly to the Schrodinger equation,
are derived at the collapse point. These differential equations provide explanation to
the existence of isolated bound states below E = −ω2 with the presence of the spin
slitting ω0 and better numerical method to generate those bound states.
1 Introduction
The interaction between matter and photon system remarks a central problem in recent
development of quantum technology. The quantum Rabi model(QRM) is the simplest model
describing the interaction between spin and bosonic system(h¯ = 1) [1, 2].
Hˆ = ωa†a+
1
2
ω0σz + (a
† + a)σx (1)
where the ω is the frequency of the bosonic mode, ω0 is the spin-
1
2
energy-slitting and 
is the coupling between two sub-systems. With the recent quantum technology develop-
ment, different regimes of the coupling can be reached, especially the ultra-strong coupling
regime, where  is comparable to ω and the deep-strong regime where  > ω [3–7]. In those
strong coupling regimes, rotating wave approximation(RWA) and perturbation method do
not work anymore [8]. Previously unexplored regions can now be investigated and theo-
retical treatments are needed for a better understanding of light-matter interaction. Some
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interesting applications are expected using those strong coupling regimes [4]. On the other
hand, Braak successfully derived the analytical exact spectrum of QRM, which called the
G-function method [9]. This theoretical breakthrough has simulated many studies on QRM
and generalization of QRM. [10–14]
The two-photon Rabi model is a non-linear generalization of QRM, which has the fol-
lowing Hamiltonian(h¯ = 1),
Hˆ = ωa†a+
1
2
ω0σz + (a
†2 + a2)σx (2)
This model was experimentally realised by advanced quantum technology like trapped ion
[15, 16], circuit quantum electrodynamics[17, 18] and other quantum platforms [19, 20].
Similar to QRM, the strong coupling regime of two-photon Rabi model can be achieved
on different quantum platforms. Thus interest in studying the two-photon Rabi model has
grown in recent years.
This model is exactly solvable for only two cases: ω0 = 0, where the solutions are the
squeezed number states, or when  = 0, where the solutions are the number states. However,
the full Hamiltonian cannot be solved analytically [21]. The most interesting phenomenon of
two-photon Rabi model happens when → ω/2, the energy levels start to collapse towards
E = −ω/2, called the spectral collapse [16, 22–24]. This can be explained using the case of
ω0 = 0. In real space representation, the Hamiltonian is just a quantum harmonic oscillator.
When → ω/2, the quadratic potential vanishes and becomes a free particle system, result-
ing in a continuum system with no bound state [22]. However, numerous studies pointed out
that bound states exist at the collapse point when ω0 6= 0, which refers as the incomplete
spectral collapse [25, 26]. This effect has not been clearly explained.
The most common way to study the two-photon Rabi model is using the numerical di-
agonalization [22, 25], which requires lots of computational power, especially towards the
collapse point as higher number states are getting involved. Recently, a numerical method
based on the spectral function and continued fraction has been studied [26], which allows
a high truncation number with reasonable computational time. However, this method just
focuses on the spectrum of the system. The numerical method is difficult for studying the
strong coupling regime and fails beyond the collapse point. It is because the wavefunction
is widely spread and even no longer bounded, so it cannot be represented by number states.
Fake converging states have been reported for  > ω/2 if truncation number is not large
enough [22, 26]. The truncated wavefunction is stabilized by the local potential but globally
it is unstable [25]. Therefore, the numerical observation does not provide strong evidence
for the existence of bound states at the collapse point. Analytical treatment is needed to
prevent ambiguity in numerical methods.
The theoretical development of two-photon Rabi model revolves mainly around varia-
tional approximation [25] and the spectrum of the system. The recent variational study of
two-photon Rabi model used the concept of polaron. The polaron picture provides a helpful
understanding for the wavefunction with different coupling strength. Using this method,
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the spin slitting term produces an effective trapping potential which allows bound states
exist while the quadratic potential vanishes at the collapse point [25]. This method gives a
qualitative description about the incomplete spectral collapse. However, the complete anal-
ysis of the wavefunction at the collapse point is largely unexplored. Another way to study
two-photon Rabi model is using G-function method [9, 27–30]. The roots of the G-function
would be the eigenenergies of the two-photon Rabi model. The G-function can be calculated
using the analytic function in Fock-Barmman space or by Bogoliubov operators approach.
By studying the poles structure of G-function, the structure of the spectral collapse can be
found out. However, because of the nature of spectral collapse, the poles are highly degen-
erated near collapse point. This method is also failed to explain the incomplete spectral
collapse [23].
A research has been done on the Rabi-Stark model which is another generalization of
QRM with Stark-like term [31]. A real space approach has been used to explain the spectral
accumulation occurs at critical coupling. The system has an effective quadratic potential
which depends on the system energy. Self-consistent solution can be obtained analytically
under this method to explain the existence of the spectral accumulation phenomenon.
With many tools to study the two-photon Rabi model, however, the isolated bound
states are not yet clearly explained. Both current theoretical and numerical methods have
difficulties in dealing with the collapse point and beyond. Here we provide a simple solution
to explain and prove the existence of the bound states at the collapse point using similar
approach as the Rabi-Stark model. The scheme of this paper is as follows. First, in the
next section, we derive the fourth-order differential equations of the two-photon Rabi model
and study the corresponding simplified version at the collapse point. Then, the concepts of
effective potential and effective energy are introduced for this Schrodinger-like differential
equation. Finally, numerical evidences are provided to show the consistency with previous
studies.
2 Fourth-order differential equation in real space rep-
resentation
2.1 Hamiltonian in σx basis
The original Hamiltonian of the two-photon Rabi model is given in Eq.(2). A convenient way
to rewrite the Hamiltonian in spin-boson representation is applying the unitary transform
e−
ipi
4
σy [23, 25]. The transformed Hamiltonian becomes
Hˆ = ωa†a+
1
2
ω0σx + (a
†2 + a2)σz (3)
In this form we have actually changed the basis from spin along z-axis to x-axis. The ω0
term is acting as a tunneling term[25]. The corresponding wavefunction is in form of two
functions
|Ψ〉 =
(
ψ+(x)
ψ−(x)
)
(4)
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The real space operators can be defined from the creation and annihilation operators a† a
as follows(m = 1),
xˆ =
1√
2ω
(a+ a†), pˆ = −i d
dx
=
1
i
√
ω
2
(a− a†) (5)
Using the real space representation, the eigenvalue equation can be written as follow
Hˆ |Ψ〉 = ω
(
1
2
pˆ2 +
1
2
ω2x2 − 1
2
)
|Ψ〉+ 1
2
ω0σx |Ψ〉+ 2
ω
(
− 1
2
pˆ2 +
1
2
ω2x2
)
σz |Ψ〉 = E |Ψ〉 (6)
Substituting |Ψ〉 in Eq.(4) into Eq.(6), the eigenvalue equation becomes two coupled
second-order differential equations for spin-up and spin-down real space functions.{
ω0ψ+(x) = (1 +
2
ω
)ψ′′−(x)− (1− 2ω )ω2x2ψ−(x) + (2E + ω)ψ−(x)
ω0ψ−(x) = (1− 2ω )ψ′′+(x)− (1 + 2ω )ω2x2ψ+(x) + (2E + ω)ψ+(x)
(7)
where ψ′(x) is the derivative of ψ(x) with respect to x.
If ω0 = 0 and  = ω/2, the equations becomes two decoupled free-particle equations in
real space and momentum space. This explained the origin of spectral collapse of the two-
photon Rabi model. In the previous polaron method study, the tunneling term is treated
as an effective potential Veff ≈ ω0ψ±/ψ∓. The additional effective potential enhanced the
trapping property for different coupling. Therefore without the quadratic potential at the
collapse point, the system is possible to have bound state [25]. This method provides qualita-
tive description and physical insight, however the variational state is not the true eigenstate
and it may not capture the true property at the collapse point. More rigorous treatment are
needed to provide a clearer description at the collapse point.
Eq.(7) can further be decoupled to form two fourth-order equations.(
1−4
2
ω2
)
ψ′′′′± (x)−
[
2
(
1 +
42
ω2
)
ω2x2 − 4E − 2ω
]
ψ′′±(x)− 4
(
1± 2
ω
)2
ω2xψ′±(x)
+
[(
1− 4
2
ω2
)
ω4x4 − (4E + 2ω)ω2x2 + (2E + ω)2 − 2
(
1± 2
ω
)2
ω2 − ω20
]
ψ±(x) = 0
(8)
These two differential equations can be easily checked with other numerical result. The
equations are valid for every regime as no approximation has been made. Although these
fourth-order differential equations linearise the effect of ω0, there is no better way to deal
with Eq.(8) other than numerical method. The complete analytical study of these fourth
order differential equations is really difficult.
Noted that the two wavefunctions ψ±(x) actually form a Fourier transform pair, namely
that they are related by Fourier transform. This relation can be explained by the equiva-
lence of Fourier transform and σz operator, which would be discussed in detail in Appendix.
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This property ensures if one of the wavefunction is bounded, another wavefunction must
be bounded too because the inner product is invariant under Fourier transform. Therefore
we can safely investigate just one of the equations to study when bound states can be formed.
2.2 Second-order differential equation at  = ω2 and asymptotic
behaviour
At the collapse point  = ω/2, the fourth order differential equations can be much simplified
into second order differential equations similar to the work on Rabi-Stark model [31]. Then
these equations can be handled more easily using the similarity to Schrodinger equation.
−ψ′′+(x)−
16ω2x
4ω2x2 − 4E − 2ωψ
′
+(x) +
−(4E + 2ω)ω2x2 + (2E + ω)2 − 8ω2 − ω20
4ω2x2 − 4E − 2ω ψ+(x) = 0
(9)
− ψ′′−(x) +
−(4E + 2ω)ω2x2 + (2E + ω)2 − ω20
4ω2x2 − 4E − 2ω ψ−(x) = 0 (10)
Eq.(9) and (10) are second order linear differential equations with rational function coeffi-
cients. As stated in the previous section, ψ+(x) and ψ−(x) are related by Fourier transform.
Therefore we can focus on studying one of them without worrying the other is bounded or
not. Here ψ−(x) is chosen as the target. The boundedness property of the wavefunction is
determined by the asymptotic behaviour at the infinity. In fact, the asymptotic behaviour
is just a simple differential equation with constant coefficient,
ψ′′−(x) + (E +
ω
2
)ψ(x) ∼ 0, x→ ±∞ (11)
ψ−(x) ∼ exp
(
∓
√
−E − ω
2
x
)
, x→ ±∞ (12)
One thing should be noticed that E implicitly depends on ω0. The bounded states can only
exist when the wavefunction is normalizable, which means the argument inside the square
root has to be positive. This explained why isolated states exist only for E < −ω/2. To
simplify the following calculation, we introduce a redefined energy
E˜ = E +
ω
2
(13)
So the condition of bound states become E˜ < 0 and the collapse differential equation for
ψ−(x) becomes
− ψ′′−(x) +
−4E˜ω2x2 + 4E˜2 − ω20
4ω2x2 − 4E˜ ψ−(x) = 0 (14)
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2.3 Effective potential and energy
Eq.(14) looks very much the same as the Schrodinger equation but differs by a factor of 2.
− 1
2
Ψ′′ + V (x)Ψ(x) = EΨ(x) (15)
Therefore we introduce the concepts of effective potential and effective energy for Eq.(14).
Veff (x, E˜, ω0, ω) =
1
2
−4E˜ω2x2 + 4E˜2 − ω20
4ω2x2 − 4E˜ Eeff = 0 (16)
However, it is not a traditional Schrodinger-type problem, which varies the eigenenergy with
fixed potential to search for bound state. Here we actually vary the effective potential with
parameters E˜ and ω0 with fixed effective energy Eeff = 0 to search for bound state. Un-
fortunately, this second order differential equation cannot be solved analytically, but we can
still get some insights by plotting out the effective potential.
Figure 1: The figure shows the effective potential for E˜ > 0, setting ω0 = 4, E˜ = 2.5 and
ω = 1 as example. The potential asymptotically approaches constant= −E˜ at infinity.
Figure 2: The figure shows the effective potential for E˜ < −ω0/2, setting ω0 = 4, E˜ = −2.5
and ω = 1. The potential is attractive but greater than 0 for all x.
6
Figure 3: The figure shows the effective potential for −ω0/2 < E˜ < 0, setting ω0 = 4,
E˜ = −1 and ω = 1. The potential is bowl-like shaped. The upper and lower bounds of the
effective potential have shown in the figure. The depth of the potential is
ω20
8E˜
. Therefore, the
number of bound state mainly depends on the value of ω0
With the concept of the effective potential, the problem becomes whether the effective
potential can support bound state with zero energy. The Figures 1 to 3 show the different
cases of the effective potential, setting ω0 = 4 and ω = 1 as examples. First in Figure 1, the
E˜ > 0 case, the potential flattens below 0 at large x. Therefore it is impossible to support
bound states with zero energy. Then, for the case of E˜ < −w0/2 as shown in Figure 2, the
whole potential is above 0. As the operator pˆ2 is positive definite, it is again impossible to
have bound state with zero energy for this case. Therefore, only −ω0/2 < E˜ < 0 case, the
bowl-like potential well can support bound states. In practice, ω0 is the only controllable
external parameter and E˜ is a measurable. Therefore, the depth of the effective potential
is controlled by ω0. The deeper the potential well, it can support more bound states. We
can understand this problem as quantum finite potential well. There will be at least one
bounded state for ω0 6= 0. Just like finite quantum well, even the depth is infinitesimally
small, there would be at least one bound state. The number of state depends on the depth
and the width of the well. Similarly, ω0 controls the depth of the effective potential, so the
number of the bound state depends on the value of ω0.
On the other hand, the two-photon Rabi model is originally not a simple one-dimensional
problem because of the spin-slitting term. In the real space representation of Eq.(2),
σz → (−1)nˆ/2 = exp
{
ipi
4
(pˆ2 + xˆ2)
}
is a non-local potential. With this non-local poten-
tial, the node theorem cannot be applied and degeneracy can be found in the two-photon
Rabi model [32, 33]. But the problem reduced back into one-dimensional quantum problem
at the collapse point. Therefore, we can know the excitation number of the state by just
simply counting its node.
From the collapse equation, we can confirm some numerical observations. First, the
collapse point  = ω/2 is independent of presence of ω0. No matter what is the value of ω0,
the energy levels above E = −ω/2 will become a continuum when  reaches ω/2. Second, the
bound state can only exist under E < −ω/2. Third, the energy of ground state is bounded
below for Eg > −ω0/2. Final, there are more bound states when ω0 is increased. These
7
observations can be explained through the collapse point equations.
3 Validation with numerical result
In this section, we are going to examine the consistency with numerical and analytical re-
sults. Here we employ the diagonalization method as the basic method. The disadvantage of
this method is the eigenstates require high truncation number for certain accuracy. However,
if we only consider the low-lying energy levels, it is possible to have a lower truncation num-
ber. Especially when ω0 is large, which makes the effective potential deeper and localises the
wavefunction. However, if we consider bound state for small ω0 or bound state with energy
E˜ ∼ 0−, the wavefunction is widely spread and requires higher truncation number.
3.1 Asymptotic behavior of numerical result
One characteristic of the wavefunction at the collapse point is presence of the exponential
decay tail. For  < ω/2, the wavefunction decays like a Gaussian. By simply taking the
logarithm of the wavefunction, we can see the quadratic nature before the collapse point and
linear nature at the collapse point.
Figure 4: The figure shows the logarithm of wavefunctions Log[ψ+(x)] for ω0 = 2 and  =
0, 0.2, 0.4, 0.499, 0.5ω. The plots are shifted vertically for demonstration purpose. The tails
of the logarithm change from quadratic to linear when  approaching 0.5ω. The logarithm
of wavefunction at the collapse point is asymptotically linear for large x.
The exponential tail shows the quadratic potential vanished at the collapse point. The
bound state is solely held by well-like potential. This confirms the prediction of effective
potential by polaron method [25]. The asymptotic behavior of the wavefunction is no longer
Gaussian but exponentially delay. This may be reason why multipolaron method, which uses
8
sum of Gaussian functions, works well while single polaron, which is impossible to capture
the asymptotic behavior, failed at the collapse point.
3.2 Numerical integration of wavefunction at the collapse point
It is easy to numerically integrate the second-order differential equation at the collapse point.
Noticed that the ratio of ψ±(x) is important and can be found using Eq.(7), we can find that
ψ+(0) =
ω0
2E + ω
ψ−(0) , ψ′+(0) =
ω0
2E + ω
ψ′−(0) (17)
Because of the symmetry of the two-photon Rabi model, ψ±(x) would be odd when it is
odd excited state and vice versa. So with odd or even initial conditions, it can generate
the non-normalized wavefunction. Then, we can use numerical integration to normalize the
wavefunctions with following conidtions∫ ∞
−∞
ψ2+(x)dx+
∫ ∞
−∞
ψ2−(x)dx = 1 (18)
After normalization, we can compare the ground wavefunctions generated by differential
equations and diagonlization. When large ω0 was used, they match perfectly with just few
number states used as shown in Figure 5. It is because ω0 creates a deep effective potential,
and localizes the wavefunctions. However, when ω0 is small, ψ−(x) is wildly spread and
ψ+(x) is squeezed, more number states have to be included to approximate ψ±(x) as shown
in Figure 6. This increases the difficulty of diagonalization. Therefore, in the case of wildly
spread or squeezed ψ±(x), numerical integration of the collapse point differential equations
is much easier and accurate.
Figure 5: The figure shows the ground state wavefunctions ψ±(x) with ω0 = 4 generated by
solving differential equations and diagonalization at the collapse point. For the diagonaliza-
tion, the cutoff number=2000, and only first 5 number states have used for approximation.
The wavefunctions generated by two different methods are matched very well and merged.
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Figure 6: The figure shows the ground state wavefunctions ψ±(x) with ω0 = 0.5 generated
by integrating differential equations and diagonalization at the collapse point. For the di-
agonalization, the cutoff number=2000, and first 15 and 30 number states have included to
approximate the ψ±(x). The ψ±(x) require more number states as ω0 is smaller.
3.3 Creating bound state with increasing ω0
From the collapse point differential equations, the two-photon Rabi model has a well like
effective potential at the collapse point, which means number of bound states increases with
ω0. One easier way of finding new bound state is using numerical diagonalization to check
the energy of the state. If the energy of the state gets smaller than −ω/2 while increasing
ω0, then it would be a new created bound state. However, it is very difficult to numerically
generate a state with E ∼ −ω/2, as they are widely spread. Using this method, the first
excited state is formed at ω0 ≈ 1.095ω, and the second excited state is formed at ω0 ≈ 1.145ω.
Because of the numerical difficulty, here we demonstrate the first excited state at ω0 = 1.2ω
with E = −0.500385ω and second excited state at ω0 = 1.3ω with E = −0.500200ω.
Figure 7: The figures show the normalized first excited state ψ±(x) generated by numerical
integration of the collapse differential equations with ω0 = 1.2, E = −0.500385 and ω = 1.
The ψ−(x) is wildly spread while ψ+(x) is well localized. One interesting thing is that∫∞
−∞ ψ
2
+(x)dx =
∫∞
−∞ ψ
2
−(x)dx, which means the probability of ±σx are the same.
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Figure 8: The figure shows the normalized second excited state ψ±(x) generated by numerical
integration of the collapse differential equations with ω0 = 1.3, E = −0.500200 and ω = 1.
The second excited state wavefunctions have two nodes because of the node theorem. Again,∫∞
−∞ ψ
2
+(x)dx =
∫∞
−∞ ψ
2
−(x)dx.
4 Conclusion
In this paper, we have developed a tool to study the two-photon Rabi model at the spectral
collapse point which is numerically difficult and elusive. Previously, the incomplete spectral
collapse can only be understand qualitatively by numerical method and variational method.
Using the real space representation, a pair of second-order differential equations has been
derived that enables us to examine the bound states at the collapse point which is a mystery
in the previous studies. The spin slitting term w0 is the controlling factor of the depth of
the effective potential well, and therefore the number of bound states that can exist at the
collapse point are controlled by ω0. The complete mathematical treatment is still missing but
the effective potential gives us a physical intuition and strong evidence about the incomplete
spectral collapse. This also explains following numerical observations.
1. Spectral collapse happens at  = ω
2
independent of the value of ω0.
2. The bound states of incomplete spectral collapse form only for E < −ω
2
.
3. The energy of ground state is bounded below Eg > −ω0/2.
4. The number of bound states increases with the value of ω0
In the previous studies on two-photon Rabi model, only the energy spectrum is exactly
obtained using theoretical or numerical method. The explicit wavefunction is still difficult
to calculate, but it is necessary for finding many other physical observables. The collapse
point differential equations also provide an easier way to generate the wavefunction at the
collapse point for further calculation, which is very difficult if other current approximation
or numerical methods are used.
The two-photon Rabi model can be separated into 3 regimes, before, at and beyond the
collapse point  = ω/2. The effect of ω0 is well studied in the first two regimes. However,
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beyond the collapse point, the existence of bound state is still unsolved. A lot of numerical
evidences suggest there are no bound state for  > ω/2 [22, 25]. And the theoretical point
of view also suggests the asymptotic behaviour of two-photon Rabi model is independent
of ω0, which means all states must be unbounded beyond the collapse point. But still no
conclusive work has been done, which needs further investigations.
The main reason why this method works is because the system with spectral collapse
should exhibit special symmetry at the collapse point. Those special symmetry would sim-
plify the equation, which allows physical intuitive answer. There are some models similar
to the two-photon Rabi model. The two-photon Rabi-Stark model also exhibits spectral
collapse phenomenon with a different collapse point [34]. The two-mode Rabi model [35]and
intensity-dependent Rabi model [36, 37] are algebraically equivalent to two-photon Rabi
model. They have the same form of equation using the SU(1,1) operators. Similar treat-
ment can also be applied to investigate the property of the bound state at the collapse point
for those models. But the real space representation is not trivial for both cases. The two-
mode Rabi model involves partial differential equation. The intensity-dependent Rabi model
cannot be defined in real space. It is possible to study the collapse property of these models
using the method presented in this paper.
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Appendix
A Fourier Transform as σz operator in real space
ψ−(x) and ψ+(x/ω) are the Fourier transform pair. This can be seen by Fourier transform
one of the Eq.(8). Using the fact
F [xnφ(m)(x)] = (−i)(n+m) d
n
dkn
[kmF [φ](k)] (19)
Here we take the equation for ψ+(x) and denote φ(k) = F [ψ+(x)](
1− 4
2
ω2
)
F [ψ′′′′+ (x)]− 2
(
1 +
42
ω2
)
ω2F [x2ψ′′+(x)]− 2(2E + ω)F [ψ′′+(x)]− 4
(
1± 2
ω
)2
ω2F [xψ′+(x)]
+
(
1− 4
2
ω2
)
ω4F [x4ψ+(x)]− (4E + 2ω)ω2F [x2ψ+(x)] +
[
(2E + ω)2 − 2
(
1± 2
ω
)2
ω2 − ω20
]
F [ψ+(x)] = 0(
1− 4
2
ω2
)
k4φ(k)− 2
(
1 +
42
ω2
)
ω2[k2φ(k)]′′ − 2(2E + ω)k2φ(k)− 4
(
1± 2
ω
)2
ω2[kφ(k)]′
+
(
1− 4
2
ω2
)
ω4φ′′′′(k)− (4E + 2ω)ω2φ′′(k) +
[
(2E + ω)2 − 2
(
1± 2
ω
)2
ω2 − ω20
]
φ(k) = 0
12
After arranging the above equation, we can get(
1−4
2
ω2
)
ω4φ′′′′(k)−
[
2
(
1 +
42
ω2
)
ω2k2 − 2(2E + 2ω)ω2
]
φ′′(k)− 4
(
1− 2
ω
)2
ω2kφ′(k)
+
[(
1− 4
2
ω2
)
k4 − (4E + 2ω)k2 + (2E + ω)2 − 2
(
1− 2
ω
)2
ω2 − ω20
]
φ(k) = 0 (20)
Then we can substitute x = ωk in Eq.(20). We can recover Eq.(8) of ψ−(x) which will
equal to squeezed Fourier transform of ψ+(x).
In fact, this property can be explained physically. The Fourier transform in real space
is actually equivalent to the spin σz operator in two-photon Rabi model. The logic is as
follow. It is well known that the two-photon Rabi model can separated into 4 different
sectors, formed by even or odd number states and spin-up or spin-down paired with the first
number state. Consider the even and spin down sector, the wavefunction can be decomposed
as superposition of even number states with alternating spin
|Ψ〉 =
∑
n
a4n |4n, ↓〉+
∑
n
a4n+2 |4n+ 2, ↑〉 (21)
The number states (of ω = 1) are eigenstates of Fourier transform with eigenvalues (−i)n
F [|n〉] = (−i)n |n〉 (22)
For example, |0〉 is just a Gaussian function which is invariant under Fourier transform.
When |Ψ〉 is taking Fourier transform, it is just Fourier transform each |n〉 basis.
F [|Ψ〉] =
∑
n
a4nF [|4n, ↓〉] +
∑
a4n+2F [|4n+ 2, ↑〉]
=
∑
n
a4ni
4n |4n, ↓〉+
∑
a4n+2i
4n+2 |4n+ 2, ↑〉
=
∑
n
a4n |4n, ↓〉 −
∑
a4n+2 |4n+ 2, ↑〉
= −σˆzΨ (23)
Because of the parity conservation, the eigenstates of two-photon Rabi model can be decom-
posed into superposition of even or odd number states with alternating spin. The Fourier
transform acting on the number state is actually the same as acting icσz on the spin part
where c = {0, 1, 2, 3} depends on the sector of the eigenstate.
Using Eq.(7) and the Fourier transform relation of ψ±(x) (ω = 1), we can derive another
equation for ψ±(x) at the collapse point,
ω0F [ψ−(k)] = (−2x2 + 2E + 1)ψ−(x) (24)
ω0F [ψ+(k)] =
(
2
d2
dx2
+ 2E + 1
)
ψ+(x) (25)
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These equations show a special property of ψ±(x) where their Fourier transform have a
similar form of themselves. These equations are mathematically interesting because Eq.(24)
and (25) are eigenvalue equations involving Fourier transform. The solution of these equa-
tions are also not yet studied. But this provides an alternative way to study the problem
mathematically.
References
1I. I. Rabi, “On the process of space quantization”, Phys. Rev. 49, 324–328 (1936).
2I. I. Rabi, N. F. Ramsey, and J. Schwinger, “Use of rotating coordinates in magnetic
resonance problems”, Rev. Mod. Phys. 26, 167–171 (1954).
3J. S. Pedernales, I. Lizuain, S. Felicetti, G. M. Romero, L. Lamata, and E. Solano, “Quan-
tum rabi model with trapped ions”, Scientific Reports 5 (2015).
4P. Forn-Dıeaz, L. Lamata, E. Rico, J. Kono, and E. Solano, “Ultrastrong coupling regimes
of light-matter interaction”, Rev. Mod. Phys. 91, 025005 (2019).
5J. Braumu¨ller, M. Marthaler, Schneider, and A. et al, “Ultrastrong coupling regimes of
light-matter interaction”, Nat Commun 8, 779 (2017).
6S. Fedortchenko, S. Felicetti, D. Markovi c´, S. Jezouin, A. Keller, T. Coudreau, B. Huard,
and P. Milman, “Quantum simulation of ultrastrongly coupled bosonic modes using super-
conducting circuits”, Phys. Rev. A 95, 042313 (2017).
7J. Braumueller, M. Marthaler, A. Schneider, A. Stehli, H. Rotzinger, M. Weides, and
A. V. Ustinov, “Analog quantum simulation of the rabi model in the ultra-strong coupling
regime”, Nature Communications 8 (2017).
8A. Le Boite´, “Theoretical methods for ultrastrong light–matter interactions”, Advanced
Quantum Technologies n/a, 1900140.
9D. Braak, “Integrability of the rabi model”, Phys. Rev. Lett. 107, 100401 (2011).
10Q.-H. Chen, C. Wang, S. He, T. Liu, and K.-L. Wang, “Exact solvability of the quantum
rabi model using bogoliubov operators”, Phys. Rev. A 86, 023822 (2012).
11A. F. Dossa and G. Y. H. Avossevou, “Full spectrum of the two-photon and the two-mode
quantum Rabi models”, Journal of Mathematical Physics 55, 102104, 102104 (2014).
12A. Moroz, “On the spectrum of a class of quantum models”, EPL (Europhysics Letters)
100, 60010 (2012).
13B. Gardas and J. Dajka, “New symmetry in the rabi model”, Journal of Physics A: Math-
ematical and Theoretical 46, 265302 (2013).
14V. V. Albert, “Quantum rabi model for n-state atoms”, Phys. Rev. Lett. 108, 180401
(2012).
15R. Puebla, M.-J. Hwang, J. Casanova, and M. B. Plenio, “Protected ultrastrong coupling
regime of the two-photon quantum rabi model with trapped ions”, Phys. Rev. A 95, 063844
(2017).
14
16S. Felicetti, J. S. Pedernales, I. L. Egusquiza, G. Romero, L. Lamata, D. Braak, and E.
Solano, “Spectral collapse via two-phonon interactions in trapped ions”, Phys. Rev. A 92,
033817 (2015).
17J. You and F. Nori, “Atomic physics and quantum optics using superconducting circuits.
nature”, Nature 474, 589–597 (2011).
18S. Felicetti, D. Z. Rossatto, E. Rico, E. Solano, and P. Forn-Dıeaz, “Two-photon quantum
rabi model with superconducting circuits”, Phys. Rev. A 97, 013851 (2018).
19P. Bertet, S. Osnaghi, P. Milman, A. Auffeves, P. Maioli, M. Brune, J. M. Raimond, and S.
Haroche, “Generating and probing a two-photon fock state with a single atom in a cavity”,
Phys. Rev. Lett. 88, 143601 (2002).
20L. Garziano, R. Stassi, V. Macrıe, A. F. Kockum, S. Savasta, and F. Nori, “Multiphoton
quantum rabi oscillations in ultrastrong cavity qed”, Phys. Rev. A 92, 063830 (2015).
21Y. Zhang, “On the solvability of the quantum rabi model and its 2-photon and two-mode
generalizations”, J. Math. Phys. 54, 102104 (2013).
22K. Ng, C. Lo, and K. Liu, “Exact eigenstates of the two-photon jaynes-cummings model
with the counter-rotating term”, Eur. Phys. J. D 6, 119–126 (1998).
23L. Duan, Y.-F. Xie, D. Braak, and Q.-H. Chen, “Two-photon rabi model: analytic solutions
and spectral colla1pse”, Journal of Physics A: Mathematical and Theoretical 49, 464002
(2016).
24L. Garbe, I. L. Egusquiza, E. Solano, C. Ciuti, T. Coudreau, P. Milman, and S. Felicetti,
“Superradiant phase transition in the ultrastrong-coupling regime of the two-photon dicke
model”, Phys. Rev. A 95, 053854 (2017).
25L. Cong, X.-M. Sun, M. Liu, Z.-J. Ying, and H.-G. Luo, “Polaron picture of the two-photon
quantum rabi model”, Phys. Rev. A 99, 013815 (2019).
26E. Lupo, A. Napoli, A. Messina, E. Solano, and I´. L. Egusquiza, “A continued fraction
based approach for the two-photon quantum rabi model”, Scientific Reports 9 (2019).
27Y.-Z. Zhang, “On analytic solutions of the driven, 2-photon and two-mode quantum rabi
models”, (2013).
28I. Trav eˇnec, “Solvability of the two-photon rabi hamiltonian”, Phys. Rev. A 85, 043805
(2012).
29I. Trav eˇnec, “Reply to “comment on ‘solvability of the two-photon rabi hamiltonian’ ””,
Phys. Rev. A 91, 037802 (2015).
30A. J. Maciejewski, M. Przybylska, and T. Stachowiak, “Comment on “solvability of the
two-photon rabi hamiltonian””, Phys. Rev. A 91, 037801 (2015).
31Y.-F. Xie, L. Duan, and Q.-H. Chen, “Quantum rabi–stark model: solutions and exotic
energy spectra”, Journal of Physics A: Mathematical and Theoretical 52, 245304 (2019).
32C. Emary and R. F. Bishop, “Exact isolated solutions for the two-photon rabi hamiltonian”,
Journal of Physics A: Mathematical and General 35, 8231–8241 (2002).
15
33A. J. Maciejewski and T. Stachowiak, “Level crossings and new exact solutions of the
two-photon rabi model”, Journal of Physics A: Mathematical and Theoretical 52, 485303
(2019).
34J. Li and Q.-H. Chen, “Two-photon rabi-stark model”, Journal of Physics A: Mathematical
and Theoretical (2020).
35L. Duan, S. He, D. Braak, and Q.-H. Chen, “Solution of the two-mode quantum rabi model
using extended squeezed states”, EPL (Europhysics Letters) 112, 34003 (2015).
36B. M. Rodr´ıguez-Lara, “Intensity-dependent quantum rabi model: spectrum, supersym-
metric partner, and optical simulation”, in (2014).
37C. F. Lo, “The two-mode multi-photon intensity-dependent Rabi model”, European Phys-
ical Journal D 68, 173, 173 (2014).
16
